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Chapter 1

Introduction: The Blueprint of
Quantization

Quantization is the mathematical bridge from classical mechanics to quantum mechanics (for
comprehensive treatments, see [1, 2, 8]). Classically, a physical system is described by a sym-
plectic manifold (M, w), where M is the phase space and w is a closed, non-degenerate 2-form
representing the Poisson structure. Observables are smooth functions f € C*° (M), which form
a Lie algebra under the classical Poisson bracket {-,-}.

Quantum mechanics, on the other hand, lives in a complex Hilbert space 7. Observables
are self-adjoint operators f acting on H.

In 1925, Paul Dirac proposed that quantization should be a functorial assignment f — f
satisfying the Dirac Quantization Conditions:

1. Linearity: af/—ng = af + bg for a,b € C.
2. Identity Preservation: 1 = I.

3. The Quantum Commutator: [f,j] = —ih{/f,-g\}.

1.1 The Groenewold—van Hove Theorem

Unfortunately, strict implementation of Dirac’s conditions for all smooth functions is impossible.
The Groenewold—van Hove Theorem [10] proves that there is a fundamental mathemati-
cal obstruction to quantizing the full Lie algebra C'°°(M) while satisfying these rules without
contradiction.

Geometric Quantization is a rigorous program developed by Souriau [5] and Kostant []
to salvage Dirac’s vision. Instead of trying to quantize everything, it restricts the choices of
observables and systematically constructs H in three distinct stages:

e Prequantization: Satisfies Dirac’s conditions perfectly but yields a Hilbert space that
is physically “too large.”

o Polarization: Slices the phase space in half to ensure wavefunctions depend only on
positions (or only on momenta).

e The Half-Form Correction: Adjusts the quantum states to account for zero-point
energy and ensure invariance under canonical transformations.




Chapter 2

Prequantization: Constructing the
Raw Space

The first step is to construct a raw, oversized Hilbert space where Dirac’s conditions hold exactly.

2.1 The Prequantum Line Bundle

We seek a complex line bundle L — M equipped with a Hermitian metric (-, -) and a compatible
connection V. For this bundle to exist, the symplectic form w must satisfy the Weil-Kostant
Integrality Condition.

Weil-Kostant Integrality Condition:
The cohomology class of the symplectic form must be integral:

[%} € im(H%(M,Z) — H2(M,R))

This condition implies that the total flux of w through any closed 2-cycle must be an integer
multiple of Planck’s constant A = 2wh. If this holds, the curvature 2-form Fy of the connection
is tied directly to the symplectic form:

)
Fy=—-
v hw

Here Fy = dA locally, where A is the connection 1-form in a local trivialization, valued in the
Lie algebra u(1) = iR. Writing A = —£6 with 0 a real 1-form, the condition becomes simply
df = w. (For example, on T*R with w = dg A dp, one takes § = —pdq and A = ;pdg.) The

prequantum Hilbert space Hpre consists of the square-integrable sections of L with respect to

. . n
the Liouville volume form €, = %+

7'[pre = L2(M7 L? EUJ)

2.2 The Prequantum Operator

For any classical observable f € C*°(M), we define the Kostant—Souriau prequantum operator
[4, 5] fpre acting on a section s € Hpre by:

fpres =—ihVx,s+ f-s

where Xy is the Hamiltonian vector field defined by ¢x,w = —df. Through a straightforward
calculation, one can verify that this definition satisfies Dirac’s commutator condition precisely:

[fprea gpre] = 7ih@pre

2
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2.3 Why Hpre is Too Large

Consider the standard phase space M = R? with coordinates (¢, p) and w = dgq A dp. A section
5 € Hpre depends on both g and p. In standard quantum mechanics, wavefunctions v(¢) depend
only on position. Hpre contains far too many states, meaning we must eliminate half of the
dependencies.



Chapter 3

Polarization: Slicing Phase Space in
Half

To reduce the size of the prequantum Hilbert space, we introduce a polarization P [1, &].
Mathematically, a polarization is a smooth distribution of complexified Lagrangian subspaces
of the tangent bundle: P, C T, M ® C.

A polarization must satisfy:

1. Lagrangian: P is maximally isotropic, meaning dim¢ P = n = % dim M, and w(X,Y) =
0 for all X,Y € P.

2. Integrability: P is involutive under the Lie bracket: [P,P] C P.

Quantum states are then restricted to polarized sections—those that are covariantly constant
along the directions defined by P:

HPZ{SGHpre|VXs=0 VXGP}

Two primary types of polarizations dominate the landscape:

3.1 Vertical (Real) Polarizations

If P = P, the polarization is real. Locally, it corresponds to a fiber bundle structure (like a
cotangent bundle T*Q — Q).

« Example: In M = R? with w = dg A dp, the connection 1-form is A = %p dg. Choose
P = Span{a%}. Since A(9,) = 0, the covariant derivative reduces to Vg, = 0y, so the
polarization condition Vy/5,s = 0 forces the sections to be independent of p. Thus,
s = s(q), perfectly recovering the Schrodinger position representation.

3.2 Kaihler (Complex) Polarizations

If P NP = {0}, the polarization is purely complex. This endows M with a complex structure
J.

« Example: In M = R? = C, let z = ¢ + ip. In the holomorphic trivialization the
connection 1-form is A = —Z dz (see Chapter 4). We choose P = span{%}. Since
A(0z) = 0, the covariant derivative along z reduces to Vs, = 03, so polarized sections
satisfy 0zf = 0, meaning the quantum states are holomorphic functions of z. This
yields the Fock—Bargmann representation.



Chapter 4

The Half-Form Correction

While polarizations successfully reduce the state space, they introduce two deep flaws:

1. Inner Product Collapse: For real polarizations, if s(q) is independent of p, integrating
its norm over the Liouville volume dg A dp yields fRQ 15(q)|?dq dp = .

2. Missing Zero-Point Energy: Quantizing the harmonic oscillator using standard com-
plex polarization yields energy levels E,, = nhw instead of the physically correct E, =
(n+ 3)hw.

The remedy is the half-form correction (or metaplectic correction) [I, 7]. Instead of
choosing states as sections of L, we choose them as sections of L ® v/ Kp, where Kp is the
canonical line bundle of the polarization P.

4.1 The Canonical Bundle and Half-Forms

We define Kp, the canonical line bundle of the polarization P, as follows. Let (M,w) be a 2n-
dimensional symplectic manifold and let P C Tc M be a polarization (a Lagrangian involutive
subbundle of the complexified tangent bundle). At each point = € M, consider the space of
complex-valued n-forms on T M that are annihilated by interior product with any vector in
P.. Concretely:

(Kp)o=fae \ Ti,M|ixa=0 VX eP.)

Equivalently, Kp consists of the n-forms that are “transverse to P”: they live on the quotient
directions TcM /P and vanish whenever one of their arguments lies in P. Because P is La-
grangian (i.e., dimg P = n), the fiber (Kp), is one-dimensional at each point, making Kp a
complex line bundle over M.

A half-form v is formally the square root of an element of Kp, meaning v ® v € Kp.

To build intuition, consider two key examples:

« Example 1 (Real/Vertical Polarization on T*R): Take M = T*R = R? with
coordinates (¢q,p) and symplectic form w = dg A dp. Choose the vertical polarization

P = span{a%}. Here n = 1, so Kp consists of complex 1-forms annihilated by vectors

in P. Any form a € (Kp)(p must satisfy 15,0 = 0 (since 8% € P), so a has no

dp-component. Thus o = f(q, p) dq for some function f. The canonical bundle is spanned
by dg:

Kp = span{dq}.
A half-form is then v = /dq, a formal square root. The inner product of two corrected
states s1 ® /dq and so ® +/dq is:

(51 ® /dq, 52 ® \/dq) = /R 51(9) 2(q) |dal,

q

5
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which is precisely the standard L?(R) inner product — finite and well-defined, with no
spurious integration over p.

« Example 2 (Kihler Polarization on C): Again M = R? but now with complex
coordinate z = g+ ip. Choose the holomorphic polarization P = span{%}. The canonical
bundle consists of 1-forms annihilated by contraction with % € P, i.e., forms with no dz-
component:

Kp = span{dz}.

A half-form is v = v/dz. Unlike the real-polarization case (where v - v is directly a density
on the leaf space M/P), in the Kéhler setting v - v is not a volume form — it lives in the
half-density bundle. The Kéhler metric provides the extra structure needed: it induces a
Hermitian metric on /Kp, so that |v|> = h v& W, ) is a scalar. The integration measure is
the Liouville volume ¢, weighted by this scalar (Jv|?> = 1 here since the metric is flat). Note
that the Gaussian weight e~ 1#1?/21 i the Fock-Bargmann inner product does not originate
from Kp; it arises from the prequantum connection. In the trivialization where the
connection 1-form is Agym = 4%(2 dz — Z dz), the polarization condition Vj,5zs = 0 forces
polarized sections to take the form s = f(z) e~ 12*/4" with f holomorphic. The Gaussian
factor e~1#1*/4" from each of $1, So combines in the inner product to give e“z|2/2h, yielding:

(51 ® Vdz, s9 @ Vdz) = / f1(2) fa(2) e~l=*/2n |dz A dZ],
C

which is precisely the Fock—Bargmann inner product.

The inner product on corrected states s ® v requires an integration measure, but the con-
struction depends on the type of polarization:

e Real polarization (P = P): The leaves of P foliate M, and the leaf space M/P is
n-dimensional (e.g., the configuration space @ for 7*@Q). The pairing v; - 7 is directly a
density on M /P, providing the integration measure. No additional structure is needed.

« Kiihler polarization (PNP = {0}): There are no real leaves. The pairing v-¥ lives in the
half-density bundle on M and is not a volume form by itself. The Kéhler metric provides
the extra structure: it induces a Hermitian metric on \/Kp, making |v|?> = h \/K(y, v)a
scalar. The integration measure is then |v|? - €., where ¢, is the Liouville volume.

o Mixed polarization: A general polarization can be partly real (along the distribution
D =PNPNTM) and partly complex (on the quotient). Defining the inner product re-
quires integrating over the leaves of D, then over the remaining complex directions — but
making this rigorous demands that the leaf space M /D be well-behaved (strongly admis-
sible) and that a compatible complex structure exist on M/D. This is one of the major
open technical challenges in geometric quantization: the inner product has mo uniform
construction valid for all polarizations.

A limitation of geometric quantization. The constructions above reveal that the in-
ner product is not determined by a single universal principle. Prequantization is canonical
(dictated by w and h), and the notion of polarization is uniform (Lagrangian involutive
subbundle). But the integration measure depends on the type of polarization: for real po-
larizations, the half-form pairing directly provides a density on the leaf space; for Kahler
polarizations, the Kéhler metric must be invoked as additional structure; and for mixed
polarizations, no general recipe exists. This case-by-case character — where geometric
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judgment replaces algorithmic procedure — is one of the main reasons geometric quanti-
zation remains an incomplete program despite its conceptual elegance.

4.2 General Recipe: Quantization of a Kiahler Manifold

The flat example above generalizes cleanly to any Kahler manifold (see [1] and [2], Ch. 7). Let
(M,w, J) be a 2n-dimensional K&hler manifold with local holomorphic coordinates (2!,..., 2z").
The Kéhler form admits a local Kéahler potential :

i O’°K

58755 dz7 A dz*.

i -
w_iaa/c_

Consistency check. For M = C with z = ¢ + ip and K = 2|2, the formula above gives
w = %dz/\di = dqAdp, which agrees with the cotangent convention w = dgAdp used throughout
this guide.

The quantization proceeds in three steps:

Step 1: Prequantum line bundle and connection. We require a Hermitian line bundle
L — M with a connection V whose curvature satisfies Fy = —%w. On a Kéhler manifold, L
admits a holomorphic structure. In the holomorphic trivialization (where the local frame
e is a holomorphic section), the Hermitian fiber metric is h = e X/ so that if we write a
section as s = f - e, the pointwise norm is |s|? = |f|2 h = | f|? e </,

The unique Chern connection — the connection compatible with both h and the holo-
morphic structure — has connection 1-form:

1 I
A=0logh = —ﬁa/c = —ﬁ@dz .
(Some references write Opo = dlogh™! = —A; we use A = dlog h throughout.)

Compatibility with h: Writing V(fe) = (df + Af)e, the condition d(sy, s2) = (Vs1, s2) +
(51, Vsg) reduces to dlogh = A+ A. Since A = dlogh is purely (1,0) and A = dlog h is purely
(0,1), their sum is (9 + 9)logh = dlogh. v

Curvature: Since A is (1,0) and dA = 9(0logh) = 0, we have F = dA = 0A = 00logh =
—%ﬁé(‘)lC = ;ﬁaélc. Substituting 00K = —2iw:

confirming the prequantization condition.

Holomorphicity: Since A is (1,0), the covariant derivative along z* is simply V JozkS =
% - e, so the polarization condition V ¢s = 0 reduces immediately to holomorphicity of f.

This is not the same gauge used in Example 2 above, which employed the symmetric
(real) gauge Agym = %h(z dzZ — Zdz). The two are related by a gauge transformation egym =
elzI?/(4h) ehol- In the symmetric gauge the fiber metric is h¢ym = 1 and sections take the explicit
form s = f(z) e~ l21/(4h) -€gym; in the holomorphic gauge the Gaussian is absorbed into the fiber
metric and s = f(2) - eno. The inner product is gauge-invariant and identical in both frames.

Step 2: Kihler polarization. Choose P = T%'M = span{%, cee %}. The polarization
condition V gs = 0 for all X € P forces the local representative f to be holomorphic: 8‘% =
for all k. The Kéhler potential enters through the connection — it is the mechanism that

converts the holomorphicity condition into the correct Gaussian-weighted inner product.
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Step 3: Half-form correction and inner product. The canonical bundle of the polariza-
tion is Kp = N"(TH°M)* = span{dz! A --- A dz"}, and the half-form correction tensors each
state with v = V/dz! A --- A dz™. The Kéhler metric induces a Hermitian norm on Kp:

hic(dzt A Ad2", dzt A -+ A d2") = det(g7F),

so the half-form norm is |v|? = det(g7%)!/2 = det(gj,;)*l/?
The corrected inner product for states f; @ v combines three factors — the fiber metric on
L, the half-form norm, and the Liouville volume %,L = det(g;z) I1; Ldzl Ndz:

_ | = —K/(2h \—1/2 . i 7.9 A g5
(fiov, f2®l/>—/Mf1f2 e~ K/ ) det(g;z) / det(gjk)Hﬁdzj/\dz].

fiber metric half-form J

~
Liouville volume

Combining the determinant factors, this simplifies to:

(iov, fov)= / Fif2 eSO det(g;1)' 2 T & de? A d2.
M h
J

For a flat Kéhler manifold (g;z = djk, i.e. K = |z|?), the determinant factor is unity and the
half-form correction is invisible. On curved Kéahler manifolds (such as the Poincaré upper half-
plane), the factor det(gj,;)*l/ 2 modifies the effective weight and produces physically significant
shifts (see the sla(R) example below).

The quantum Hilbert space is:

H=4q/f€OM) ’ /M\f|2 e k/2h det(gj,;)l/Q H%dzj ANdZ < ooy,
J

a weighted Bergman space whose weight combines the Kéhler potential (via e K/ (Qh)) and the
curvature of the manifold (via det(gj,;)l/ 2).

Summary. On a Kéihler manifold, every ingredient traces back to K:
e The symplectic form: w = %83/0

The prequantum connection (holomorphic gauge): A = dlogh = —2%8/6

The fiber metric: h = e /0,

The Liouville volume: % = det(9;0;K) [1; LdzI N dF.

The half-form norm: |v|* = det(gj,;)_l/ 2 (unity for flat space; non-trivial on curved
manifolds).

For the flat case M = C" with K = |z|?, the half-form correction is invisible (detg = 1)
and all of the above reduce to the standard Fock—Bargmann space.

4.3 Resolving the Issues

¢ The Inner Product: The new quantum states are s ® v. For real polarizations, the
inner product no longer integrates over the entire phase space M via the Liouville volume.
Instead, it integrates over the leaf space M /P using the density generated by v - 77,
rendering the inner product finite. (For Kéhler polarizations, the integral still runs over
all of M, but the half-form norm |v|?> modifies the weight; see the discussion above.)
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o The Metaplectic Group: Just as spin structures are needed to define fermions on
manifolds, a metaplectic structure (a double cover of the symplectic group) is required
to globally define half-forms. This shifts the eigenvalues of the quantum Hamiltonian,
gracefully restoring the %hw zero-point energy of the harmonic oscillator.



Chapter 5

The Non-Uniqueness of Quantization

One of the most profound realizations of geometric quantization is that quantization is not
a unique process. The physical theory obtained depends fundamentally on two arbitrary
mathematical choices:

1. The choice of the prequantum line bundle L (when multiple inequivalent bundles exist).

2. The choice of the polarization P.

5.1 Inequivalent Line Bundles

If the phase space M is not simply connected, the first cohomology group H'(M,U(1)) can be
non-trivial. This means there can exist multiple, physically distinct prequantum line bundles for
the exact same symplectic form w. This ambiguity accounts for topological quantum phenomena
like the Aharonov—Bohm effect (see [1]).

5.2 Dependence on Polarizations and the BKS Kernel

If we choose two different polarizations P; and P2, we obtain two distinct Hilbert spaces, Hp,
and Hp,. For these choices to be physically equivalent, there must exist a unitary transformation
between them.

The Blattner—Kostant—Sternberg (BKS) pairing [7] attempts to construct this unitary
map. Given s; € Hp, and sy € Hp,, the BKS kernel pairs them by projection:

(51, 53)BKS = /N (s1(a) ()

where €, = w"/n! is the Liouville volume form. However, the BKS construction is not always
successfully unitary. In some complex topological systems, changing the polarization yields
entirely inequivalent quantum theories.

5.2.1 Example: Three Polarizations of T*R

The phase space M = T*R = R? with coordinates (g, p), symplectic form w = dq A dp, and
symplectic potential § = —pdq (so that df = w) admits three natural polarizations, each
yielding a different-looking Hilbert space. The BKS pairing relates all three.

The three polarizations and their Hilbert spaces:

1. Vertical (position) polarization: Py = span{d,}. The covariant constancy condition
Va,s =0 gives 9,5 = 0 (since A(9,) = 0), so polarized sections depend only on ¢:

sy =Y(q)e, Hy = L*(R, dg).

10
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This is the Schrodinger position representation.

2. Horizontal (momentum) polarization: Py = span{d,;}. Now Vg s = 0 gives 0,3 +
P35 =0 (since A(Jy) = ;p), with solution:

sg = ¢(p)e P/ e, Hy = L*(R, dp).
This is the Schrodinger momentum representation.

3. Kihler (holomorphic) polarization: Px = span{ds} with z = ¢+ip. As computed in
Chapter 4, the polarized sections in the symmetric gauge are sx = f(2) e~ 1217/(4h) & with
f holomorphic, and:

Hi = { f holomorphic on C

/ 1f(2)]? e 117120 g dp < oo} :
C

This is the Bargmann—Fock representation.

BKS pairing (a): Vertical «++ Horizontal = Fourier transform.

The two real polarizations Py and Py are transverse, so the BKS integral runs over all
of M. The fiberwise inner product of a vertical section sy = 1(¢) e and a horizontal section
sg = ¢(p)e P/ e is:

(sv(a.p), su(a,p))r = ¥(q) ¢(p) e V™.

Integrating against the Liouville volume €,, = dq dp:

(sv, SH)BKS = /RQWQ) ¢(p) e P/ dg dp.

This defines a map Byy : Hg — Hy by requiring (¢, Bygd)y = (sv, sg)pks for all .
Reading off:

By 6)(q) = /R o(p) e~/ dp = /2 B(q),

where ¢(q) = (2wh) /2 [ e=a/hp(p) dp is the Fourier transform (in the fi-convention). Up to
the normalization factor v/ 27h, the BKS map is exactly the Fourier transform that interchanges
the momentum and position representations of quantum mechanics.

BKS pairing (b): Vertical <+ Kidhler = Segal-Bargmann transform.

The pairing between a real and a complex polarization requires more care: we must change
trivializations and project onto the holomorphic subspace. The vertical section sy = 1(q) epos
lives in the position gauge; to compare it with Kahler sections we re-express it in the holomorphic
frame. The gauge transformations (from Chapter 4) compose as epos = etpa/(2h) €sym = ePa/ (2h).
1?4 g, 5o
) e(@*+P*)/(4h)+ipa/ (21)

-~

gV(Qup)

The function Sy depends on both ¢ and p and is not holomorphic in z = g + ip; it does not
belong to Hx. The BKS map C : Hy — Hg extracts the holomorphic part by projecting onto
the Bargmann—Fock space via the reproducing kernel K (z,w) = ﬁ e*@/(2h).

sy =1(q * €hol-

(Cv)(2) = 271rh/ e=0/ @) 5 (o 1y o=/ gt gt w=q +ip.
RQ
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The p/-dependent factors combine into a Gaussian: exp(—p'?/(4h) + ip'(¢’ — 2)/(2h)). Com-
pleting the square and integrating over p’ yields 2v/7wh exp(—(q’ —2)%/ (4h)). Collecting the
remaining ¢’-terms and simplifying the exponent gives:

e?/(4h) < (z — q)2>
CY)(z) = exp| —————— dq.
(C¥)(2) T Lo 57— ) Y(@)da
The prefactor e/ (h) ig holomorphic and amounts to a choice of normalization for the Bargmann—

Fock basis; absorbing it into the definition of C (equivalently, rescaling the basis elements of
H ), the kernel reduces to exp(—(z — ¢)?/(2h)). This is the Segal-Bargmann transform [0]
(also called the Bargmann transform or coherent-state transform):

coe) o [ew(-E q>2) ¥()da

R 2h
Since the kernel is holomorphic in z, Ct is automatically a holomorphic function; one verifies
directly that the map is unitary from L?(R,dq) onto the Bargmann-Fock space.

BKS pairing (c): Horizontal +» Kahler.
The third pairing Hyg — Hx is simply the composition C o By p: first Fourier-transform
from momentum to position, then apply the Segal-Bargmann transform.

Upshot. All three BKS maps are unitary, confirming that the three polarizations yield the
same quantum theory — the unique irreducible representation of the Heisenberg algebra for
a given value of A. This is exactly the content of the Stone—von Neumann theorem, here
derived from the geometry of the phase space rather than postulated algebraically (see [3]).

5.3 Summary: The Geometric Quantization Pipeline

The following table collects the full quantization procedure, highlighting at each step what data
must be chosen, what obstructions may arise, and how ambiguities affect the resulting quantum
theory.



4. Polarized
sections

Hp

5. Half-form
correction

VEp

6. Quantum
Hilbert space
H

(complex).

Sections s € I'(L)
satisfying Vxs =0
for all X € P.

Metaplectic
structure and choice
of square root of
Kp.

H={s®v|Vxs=
0, v e T(VKp)}
with inner product
from h, |v|?, and the
Liouville volume.

manifolds that
are not Kahler
may have no

polarization at
all.

The space may
be empty or too
small (e.g. no
non-trivial
global
holomorphic
sections on
certain compact
manifolds for
low values of the
line bundle
degree).

Metaplectic
obstruction: A
global Kp
exists iff ¢ (Kp)
is even in
H?(M, 7). Fails
on some
manifolds.

Inner product
may degenerate
or fail to be
finite (e.g. real
polarizations on
non-compact M
without
half-forms).

CHAPTER 5. THE NON-UNIQUENESS OF QUANTIZATION
Step Input / Choice Obstruction Ambiguity
1. Classical Symplectic w must be None — the classical
data manifold; no choice closed and phase space is given.
(M, w) involved. non-degenerate
(dw = 0).
2. Hermitian line Weil-Kostant  If M is simply
Prequantum bundle L — M with condition: connected, L is unique
line bundle connection V s [w] € (up to isomorphism).
(L,h,V) satisfying H?(M,Z). Fails  Otherwise, inequivalent
Fy = —%w. = no L exists bundles are classified by
= quantization — H'(M,U(1)): each
is tmpossible. choice gives a physically
distinct quantum theory
(e.g. Aharonov—Bohm
phases).
3. Lagrangian Not every Different P give different
Polarization involutive (M,w) admits a  Hilbert spaces Hp.
P ClIcM subbundle. polarization. Unitarily equivalent only
Common types: real Compact if the BKS pairing is
(vertical), Kahler symplectic well-defined and unitary;

this can fail.

Determined by the
previous choices — no
new freedom.

When the obstruction
vanishes, there are

|H' (M, Zs)| inequivalent
choices of square root —
discrete ambiguity.

Encodes all previous
ambiguities. The
resulting quantum
theory depends on the
choices made in Steps 2,
3, and 5.

13
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Key take-aways:

o Quantization may be impossible. The Weil-Kostant integrality condition (Step 2) is
a genuine obstruction: not every classical system can be quantized. This is the geometric
origin of quantization conditions like j € %Z for spin.

e Quantization is generically non-unique. Even when all obstructions vanish, the
choices of L (Step 2), P (Step 3), and /Kp (Step 5) introduce ambiguities. These are not
defects of the formalism but reflections of genuine physical freedom (topological phases,
representation choices).

e The BKS pairing is the consistency check. Different polarizations yield the same
physics only if the BKS map is unitary. When it is (e.g. Schrodinger +» Bargmann—Fock),
the quantization is robust; when it fails, the choice of polarization has irreducible physical
content.



Chapter 6

Concrete Examples: Quantizing
Co-adjoint Orbits

According to the Kirillov—Kostant—Souriau Theorem [3, 4, 5], the natural phase spaces for
systems with group symmetries are the co-adjoint orbits of Lie groups. Let g be a Lie algebra
and g* its dual. For any p € g*, the orbit M, = Adg; (i) carries a natural Kirillov—Kostant—
Souriau (KKS) symplectic form:

wM(X*a Y*) = <:u7 [X> Y])

where X*,Y™* are the fundamental vector fields on g* generated by X,Y € g.

6.1 A. The Heisenberg Lie Algebra

The Heisenberg algebra hs is spanned by X (position), ¥ (momentum), and Z (the central
element), with [X,Y] = Z.

6.1.1 The Orbit and Symplectic Form

Let u € b such that (u, Z) = h # 0. The co-adjoint orbit through 4 is isomorphic to R? with
coordinates (¢, p), and the KKS form evaluates precisely to:

w=dgANdp

6.1.2 Quantization

1. Prequantization: The Weil-Kostant condition is trivially satisfied because H?(R?) = 0.
The prequantum line bundle is trivial: L = R? x C with symplectic potential § = —p dq.

2. Vertical Polarization: Let P = span{a@p}. Polarized sections satisfy g—; = 0, meaning
s = s(q). Incorporating the half-form correction yields the traditional Schréodinger
representation H = L?(R, dq).

3. Kihler Polarization: Let z = g +ip and P = span{%}. Applying the general Kéahler
recipe with w = dg A dp = §dz AN dz and K = |2|2:

o Fiber metric: h = e~ X/(2h) = ¢=I21*/(2h),

e Connection: A = Ologh = —%(WC = —2% dz. (Equivalently, in the symmetric
gauge: Agym = 4—1h(z dz — zdz), which gives polarized sections s = f(z) eIz /(4h)

with f holomorphic.)

15
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o Inner product: Since g, = 1 (flat metric), the half-form correction is trivial (|v|?> =
1). The Liouville volume is dq dp, yielding:

(ieov, Lov) /fl ) fa(z) e/ qq dp,

which is precisely the standard Bargmann—Fock inner product.

The BKS kernel successfully provides the unitary Stone—von Neumann transformation
between the Schréodinger and Bargmann—Fock representations.

6.2 B. The Lie Algebra so(3)

The Lie algebra so(3) has basis elements Ji, Jo, J3 satisfying [J;, J;| = €5 Ji. Its dual so(3)* is
isomorphic to R3.

6.2.1 The Orbit and Symplectic Form

The co-adjoint orbits are concentric spheres S%. Let pn = (0,0,7) € s0(3)*. The orbit through
u is a sphere of radius j. In standard spherical coordinates (0, ¢), the KKS symplectic form is:

w=jsinfdf Ado

6.2.2 Integrality and Prequantization

The total volume of the sphere must satisfy the Weil-Kostant integrality condition. Setting

h=1: ) i
mJ )
— =——=2j€7Z
2nh Jg2 YT on J
Thus, the radius j must be an integer or half-integer: j € {0, ;, 1, g, .

spin quantization from purely geometric boundary conditions.

. }. This elegantly derives

6.2.3 Kahler Polarization and Half-Form Correction

We equip S? with a complex structure via stereographic projection: z = tan(9/2)ei¢’. The
Kahler polarization is given by P = span{%}.

Without half-form correction: The prequantum line bundle L over S? = CP! has degree
2j. The space of holomorphic sections of a degree-d bundle on CP! has dimension d + 1 (for
d>0), so

dimH =2j+1,

which already gives the correct dimension of the spin-j irreducible representation of SU(2).

With half-form correction: The canonical bundle K of the sphere has degree —2, so
V'K has degree —1. The corrected bundle L ® V'K has degree 2j — 1, giving dim = 2j. This
overcorrects by one and yields the wrong dimension.

This is a known subtlety: on compact Kédhler manifolds, the half-form correction can conflict
with the holomorphic section count. For S?, the resolution is that the uncorrected quantization
already produces the physically correct answer. The half-form correction is essential for real
polarizations (to fix the inner product) and for non-compact Kéhler manifolds (to shift repre-
sentation parameters), but on compact Kihler manifolds such as S2, it must be applied with
care — the Kodaira vanishing theorem already guarantees a well-behaved Hilbert space without
it. In practice, geometric quantization of so(3) without the half-form correction precisely recon-
structs the irreducible (2 + 1)-dimensional representations of SU(2), representing a particle of

spin j.
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This is another instance of the “art, not algorithm” character noted earlier (cf. the notebox
in Chapter 4): the half-form correction is indispensable for real polarizations, beneficial on
non-compact Kéhler manifolds, yet must be omitted on compact ones. No single rule governs
when to apply it — the practitioner must recognize which regime applies.

6.3 C. The Lie Algebra sl;(R) = so(1,2)

The algebra sly(R) consists of real 2 x 2 traceless matrices, spanned by a standard basis H, E, F.

6.3.1 The Orbits

The co-adjoint orbits are level sets of the Casimir C' = H? +4FEF. The elliptic orbits (C < 0)
are two-sheeted hyperboloids; each sheet can be modeled as the Poincaré upper half-plane
H = {z+iy € C| y > 0}, and these are the orbits relevant to the discrete series. We
parameterize such an orbit by A > 0, writing the KKS symplectic form as:

dx N\ dy

w=A
Y2

6.3.2 Kahler Potential and Polarization

The upper half-plane carries a natural Kéhler structure. Writing z = x+14y, the Kéhler potential
is:
K =—4Xlog(Im z) = —4Xlogy.

One verifies that %85/C = % dz Ndz = )\dxygdy =w

6.3.3 Quantization and Representation

Following the general Kéahler recipe, we choose the holomorphic polarization P = span{%} and
read off:

« Fiber metric: h = e X/CN) = 2\/h,

o Polarized sections: In the holomorphic trivialization, sections s = f(z) - e with f
holomorphic on H.

e Inner product: Combining the fiber metric with the Liouville volume {7 = y% dx dy:

IRy A
(f1, f2) = /Hﬁ(z) fa(z) yQ’\/h ?dxdy.
Setting k = 2\ /h, this simplifies to:

(s f2)ore o /H 7102 fol2) y* 2 da dy,

which is the inner product of the weighted Bergman space A2(H) (where the subscript
denotes the weight k& and the measure is y*~2dx dy). This is the uncorrected (prequantum)
inner product.
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6.3.4 Half-Form Correction
The canonical bundle is Kp = span{dz}, and the half-form is v = v/dz. On a Kéhler manifold

the half-form carries a Hermitian norm induced by the metric: since g,z = A\/y?, the canonical
bundle metric is hy (dz,dz) = g°% = y*/), so

o\ 1/2
W]? = h e (Vdz, Viz) = (yA) = %

Including this factor, the corrected inner product for states f; ® v dz becomes:
_ | 7 2\ /h Y

R Vv, RXU) = —

(hew o= [Tk y o

~—

fiber metric

;;d:c dy o /Hf1 fo "t dy.
——
half-form Liouville

The exponent has shifted from k£ — 2 to k — 1, i.e., the weight shifts by +1: the corrected
Bergman space is A2, (H).

Because the upper half-plane is non-compact, this Hilbert space is infinite-dimensional. Geo-
metric quantization of these co-adjoint orbits (with the half-form correction) naturally generates
the Discrete Series Representations (D:_H) of SLy(R) (or, for non-integer &, of its universal

cover SE;(TR)); see [9] and [3].
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